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We consider the problem of energy transport in coupled two-level systems with the goal of shedding
light on how nonclassical resources can benefit quantum transport. First, we focus on coherence in
the basis composed of eigenstates of the decoupled system Hamiltonian. By using a coherence quan-
tifier, we present an illustrative example of a linear chain of coupled two-level systems to investigate
how this resource is associated with an advantage in terms of transport efficiency, when compared to
the classical scenario. Finally, we consider the integrated coherence generated by the dynamics and
show how it is related to the quantification of the invasiveness of the quantum operation governing
the time evolution in the quantum scenario. To illustrate, we analyze the relationship between
quantum invasiveness and transport efficiency. We finish this contribution by presenting a concrete
example using superconducting qubits where our findings may be experimentally investigated.
I. INTRODUCTION
Since the experiments performed by Aspect et al. in
the 1980s, which claimed the violation of a Bell inequality
using entangled-polarized photons [1, 2], quantum entan-
glement have been in the spotlight when nonclassicality is
discussed [3]. As a natural development, in recent years
we have witnessed the emergence of several other nonclas-
sicality indicators beyond entanglement which are also
relevant for the full understanding of quantum phenom-
ena. In the context of the present study, we will focus
on those which have recently been systematized under
the resource theoretic framework [4], namely coherence
[5], quantum invasiveness [6] and manipulation capabil-
ity of quantum channels [7]. Naturally, with the devel-
opment of quantum technologies, it has become crucial
to investigate how nonclassical resources are related to
the efficiency of a certain task [8–10]. Such connections
would help us to learn how nonclassical resources could
be employed to fully exploit quantum technologies. One
important phenomenon for which these studies seem to
be relevant is energy transport.
Understanding the phenomenon of energy transport in
quantum systems is a very relevant and timely research
topic. Examples of coupled systems where nonclassical
phenomena are relevant to energy transfer are numerous,
including highly complex systems strongly coupled to
their environment such as molecular aggregates in photo-
synthetic complexes [11, 12] and polymeric samples [13].
Since the seminal work reporting the experimental ob-
servation of quantum dynamics in the energy transport
inside a given photosynthetic complex [14], the number
of studies dedicated to the quantum description of trans-
port has sharply increased [15–25]. Here, we aim to shed
some light on the relationship between the phenomenon
of energy transfer in coupled two-level quantum systems
and resources such as coherence [5] and quantum inva-
siveness [6]. In order to do so, classical scenarios are de-
fined and modeled in a sound way in terms of the classical
operations that may allow energy transfer to occur in an
incoherent way between the coupled sites of a chain. In
turn, coherent coupling is established between the sites
of the chain in quantum scenarios. By using a coherence
quantifier, we first analyze how our approach allows one
to characterize the appearance of quantum advantage in
terms of coherence in a specific model. Furthermore, we
will see that the framework of the resource theory of inva-
siveness of quantum operations [6] captures the classical
and quantum scenarios defined above in a natural way.
By finding a quantifier of quantum invasiveness in con-
nection with coherence, we will show how this nonclassi-
cal resource provided by quantum operations can also be
related to the efficiency of quantum transport.
This paper is organized as follows. First, we present
the transport model and the classical and quantum sce-
narios in section II. Then, in section III, we present our
results. By exploring the system dynamics, we study ex-
amples where the quantum advantage in the efficiency of
energy transport manifests. Then, we briefly review the
resource theoretic framework of quantum invasiveness in
order to explore its connection with transport efficiency
by finding a suitable quantifier of this nonclassical re-
source of quantum operations. We finish this section with
a presentation of a possible setup where our ideias can
be experimentally assessed. In section IV, we present our
final remarks.
II. TRANSPORT MODEL
Energy transport is an important feature of coupled
molecular systems such as photosynthetic complexes [26–
28] and organic photovoltaic cells [29]. Its essential fea-
tures are captured by the model depicted in Fig. 1, which
consists of a linear chain of N first-neighbour coupled
two-level systems (sites).
The system Hamiltonian H = HF + HI consists of a
free part (h¯ = 1),
HF =
ω
2
∑
j
σzj , (1)
and a part which accounts for the coupling between first
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FIG. 1: (Color online) Transport scenario considered in this
work. It is described by a linear chain of coupled N two-level
systems (sites). The coupling strength between the sites is
given by the parameter λ. Each site is also subjected to a
local environment which causes dephasing and spontaneous
emission under rates γ and Γ, respectively. The last site is
incoherently coupled to a sink, where the energy is collected.
neighbours in the chain
HI = λ
N−1∑
j=1
(
σ+j σ
−
j+1 + σ
−
j σ
+
j+1
)
. (2)
In these equations, σzj is the Pauli z operator in the basis
{|g〉j , |e〉j} with |e〉j (|g〉j) being the excited (ground)
state of site j, and ω is the energy associated with each
two-level system. Also, σ−j = |e〉j〈g| = (σ+j )† are ladder
operators and λ is a coupling constant.
The main features of transport can be illustrated with
the propagation of a single excitation. The initial state
of the system is fixed by putting one excitation in first
site of the chain and no excitation in all other sites. To
evaluate the transport efficiency, we consider the N -th
site of the chain to be dissipating into an auxiliary two-
level system, known as the sink s. Also, we consider that
each site of the chain are subjected to local dissipation
and local dephasing to account for the presence of noise.
We note that the results presented below turn out to
be independent of the local frequencies. However, the
assumption of local noise is valid only in experimental
implementations for which λ  ω [30–35]. Later, we
will provide an example of a concrete setup where this
condition is fulfilled. In this scenario, the noise in each
site j is described by the Lindblad superoperator
Lj(ρ) = Γ(2σ+j ρσ−j − σ−j σ+j ρ− ρσ−j σ+j ) + γ(σzj ρσzj − 1),
(3)
where Γ and γ are the dissipation and dephasing rates,
respectively. In turn, the coupling between the N -th site
and the sink is described by
Lsink(ρ) =Γs(2σ−Nσ+s ρσ−s σ+N
− σ−s σ+Nσ−Nσ+s ρ− ρσ−s σ+Nσ−Nσ+s ), (4)
where Γs > 0 is the rate of energy transferred to the sink.
Therefore, the system dynamics is described by
∂ρ
∂t
= −i[H, ρ] + Lsink(ρ) +
N∑
j=1
Lj(ρ). (5)
We now define a central concept in our work which is
the classical transport scenario. As no coherence in the
basis of HF is to be created, we replace the coherent cou-
pling HI by an incoherent term described by a Lindblad
operator with the “same intensity” of HI , i.e, the same
coupling strength λ. This is described by
LC(ρ) = λ[LR(ρ) + LL(ρ)] (6)
where
LR(ρ) =
N−1∑
j=1
(2σ−j σ
+
j+1ρσ
−
j+1σ
+
j
−σ−j+1σ+j σ−j σ+j+1ρ− ρσ−j+1σ+j σ−j σ+j+1), (7)
and
LL(ρ) =
N−1∑
j=1
(2σ+j σ
−
j+1ρσ
+
j+1σ
−
j
−σ+j+1σ−j σ+j σ−j+1ρ− ρσ+j+1σ−j σ+j σ−j+1). (8)
Physically, this mechanism corresponds to thermally ac-
tivated energy migration between nearest neighbors [36].
Then, the classical transport scenario dynamics is the
result of the master equation
∂ρC
∂t
= −i[HF , ρC ] + LC(ρC) + Lsink(ρC) +
N∑
j=1
Lj(ρC),
(9)
where the subscript in ρC reminds us that the system
state remains classical for all times, i.e., a convex sum of
the eigenstates of HF . From this point on, we shall use
the subscripts Q and C to distinguish between quantities
computed using the quantum or classical scenarios.
In order to investigate and compare the transport ef-
ficiency in both scenarios, we study PQ(t) and PC(t),
which are the sink population at time t as evaluated with
Eq.(5) and Eq.(9), respectively. Their asymptotic values
will be called efficiency per se and will be denoted ηQ
and ηC . First, we want to investigate the quantum case
in light of the coherence it manifests. The coherence of
a quantum state ρ, in a certain basis, will be quantified
by the relative entropy of coherence [5], defined as
C(ρ) = S(ρdiag)− S(ρ), (10)
where S(ρ) = Tr[−ρln(ρ)] is the von Neumann entropy
and ρdiag denotes the diagonal state obtained from ρ by
erasing all the off-diagonal elements.
III. RESULTS
In order to illustrate the framework presented in the
previous section, we perform numerical simulations of
Eqs. (5) and (9) using N = 3 plus one sink. For sim-
plicity, we keep Γs = 1.0 a.u. (arbitrary units) unless
otherwise stated.
3A. System dynamics and efficiency
We first consider the system dynamics and the amount
of time required in order to observe any quantum advan-
tage, i.e., for the sink population PQ(t) to surpass PC(t),
whenever this is possible. In Fig. 2, we present the time
evolution of the sink populations PQ(t) and PC(t), as
well as the coherence C(ρQ), for some values of the in-
tersite coupling strength λ. The top panel on the left
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FIG. 2: (Color online) Plots of PC(t) (black-dot-dashed line),
PQ(t) (blue-dashed line) and C(ρQ) (red-solid line) as a func-
tion of time. For all plots we fixed Γ = 0.5 a.u and γ = 0.25
a.u while the values of λ are shown in each panel. The hor-
izontal dotted line represents the maximum coherence when
λ = λQC . The insets show the dynamics of PC(t) and PQ(t)
for very short times.
shows the interesting case where the quantum and clas-
sical scenarios lead to the same efficiency. We call λQC
the value of λ for which this happens. As a result, for
λ ≤ λQC , PQ(t) ≤ PC(t) for all times. The other panels
depict cases in which λ > λQC and, therefore, quantum
advantage can be observed. It is remarkable that the
time required for PQ(t) to surpass PC(t) decreases as the
global maximum of C(ρQ)(t) increases. It is also worth
to point out that there is a coherence threshold achieved
when λ = λQC , below which the classical scenario is more
efficient. For the parameters considered in this simula-
tion, one finds λQC ≈ 0.84 with a coherence threshold
about 0.22. Interestingly, this is much smaller than the
maximum value achieved by Eq.(10) in the case N = 3,
which is ln(8) ≈ 2.07 [5].
We pointed out above that the time necessary for PQ(t)
to surpass PC(t) seems to decrease as the maximum gen-
erated coherence decreases. Let us call that timespan
the intersection time τ . Its behaviour as a function of
the maximum coherence is detailed in Fig. 3, from which
that tendency is clearly confirmed.
In Fig. 4, we plot the difference between the transport
efficiencies in the quantum and classical scenarios, ηQ −
ηC , as a function of the coupling strength λ, for different
values of dephasing rate γ and for a fixed local dissipation
rate Γ. We can see that the quantum scenario is not
always more efficient than its classical counterpart, and
that there is a particular value for the coupling λ for
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FIG. 3: (Color online) Intersection time τ as a function of the
maximum coherence as the coupling λ is changed. The values
of λ are show in the plot.
which ηQ = ηC , previously defined as λQC . It is already
possible to see that it depends on the dephasing rate.
This dependence is depicted in Fig. 5, where λQC is
seen to increase with γ, as the presence of noise depletes
nonclassical features such as quantum coherence. In this
same figure, it is also possible to see the role played by
local dissipation. It is interesting to see that its effect is
to shift λQC to higher values for a fixed dephasing rate γ.
Once again this is explained by the fact that more noise
means less coherence, in general. Finally, it is notable
that the dependence of λQC with γ is basically linear.
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FIG. 4: (Color online) Difference between the quantum and
classical efficiencies as a function of the site-to-site coupling
strength, and for different dephasing rates. We have used
γ = 0.25 (red solid line), γ = 0.5 (blue-dashed line), γ = 0.75
(orange-dotted line), γ = 1.0 (Black-dot-dashed line) and Γ =
0.5.
B. Quantum Invasiveness
The previous discussion addresses the importance of
coherence in the excitation dynamics in the quantum
scenario, i.e., when the energy transport is caused by
a Hamiltonian term such as HI in Eq.(2). In particu-
lar, based on our the previous analyses, one may wonder
whether the integrated coherence generated by the whole
dynamics influences the efficiency of quantum transport,
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FIG. 5: (Color online) Coupling λQC as a function of γ for
different values of dissipation Γ. The values of Γ used are
shown in the inset.
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FIG. 6: (Color online) Invasiveness quantifier [Eq. (11)] as a
function of the site-to-site coupling strength, and for different
dephasing rates. For all plots we have used γ = 0.25 (red
solid line), γ = 0.5 (blue-dashed line), γ = 0.75 (orange-
dotted line), γ = 1.0 (Black-dot-dashed line) and Γ = 0.5.
even though the stationary state is incoherent. This ques-
tion led us to investigate the role played by the integrated
coherence,
I(Φtt0) =
∫ t
t0
C(ρ)dt, (11)
in the efficiency of the energy migration through the
chain to the sink. In Eq.(11), Φtt0 is the time dependent
map or operation associated with the quantum master
equation (5), when the system evolves from an initial
time instant t0 to an arbitrary instant t. For our pur-
poses, we set t0 = 0 and t→∞.
In Fig. 6, we plot the integrated coherence as a func-
tion of the coupling strength λ, and for different dephas-
ing rates γ. When compared to Fig. 4, it is clear that
I(Φ∞0 ) captures the order of efficiencies. First of all, this
confirms the tendency that more coherence helps the ef-
ficiency in the quantum scenario treated here. It is nec-
essary to remark that symmetric linear chains, which are
the subject of our study, are not prone to dephasing as-
sisted transport [11, 12, 15].
In a first moment, we can think of Eq.(11) as the area
under the curve of coherence, produced by the map Φtt0 .
Nonetheless, we will see below that this quantity is also
a nonclassicality quantifier when one considers the quan-
tum operation Φtt0 as a dynamical resource [6]. This re-
source is essentially different from coherence, which is a
property of a given quantum state, not a map.
Let us start with the definition of a quantum invasive
operation [6, 37, 38] – a general quantum operation, rep-
resented by a quantum map, is considered to be invasive
whenever it disturbs the physical system in a “nonclas-
sical way”. The classical states are defined as the eigen-
states of a chosen observable O, as well as their convex
combinations. The reasoning here is that, with respect
to O measurements, one can assert a classical ontological
interpretation to its eigenstates and their convex com-
binations, as the latter only represent lack of classical
information. Thus, the classical states are called free
states. In turn, free operations must necessarily map
a classical state into another classical state, as it is the
case with incoherent completely positive trace preserving
maps [5]. A quantifier I of the invasiveness of an oper-
ation Φ with respect to an observable O is expected to
satisfy conditions such as positivity, i.e., I(Φ) ≥ 0 for any
physical operation Φ while I(ΦFree) = 0 for any free op-
eration ΦFree. Additionally, other formal properties such
as monotonicity under free operations and convexity are
demanded - see Refs. [4, 6] for more details.
In our problem, we start by defining the eigenstates
of the Hamiltonian HF in Eq.(1) and their convex com-
binations as the classical states, i.e., O ≡ HF . In turn,
the free operations are those leading classical states into
classical states, which, therefore, cannot generate coher-
ence. In our case, this is represented by the map (Φtt0)C
associated with the master equation describing the classi-
cal scenario in Eq.(9). Consequently, C((Φtt0)C(ρC)) = 0
for any time interval [t0, t]. Therefore, we have that the
propagation of a single excitation governed by Eq. (9)
will remain classical, which means an incoherent mixture
of the eigenstates of HF , and the integrated coherence
will be zero. In turn, for a classical initial state – as it
is the case here – any degree of coherence generated in
the quantum scenario will be a result of the quantum
invasiveness of Φtt0 . This guarantee that conditions of
positivity, monotonicity under the composition with free
operations (Φtt0)C and convexity are fulfilled. Such a rea-
soning lead us to recognize I(Φtt0) as a quantifier of quan-
tum invasiveness in the transport scenarios described by
Eq.(5), where HI plays an important role.
In conclusion, we see that quantum invasiveness, here
quantified by the integrated coherence generated in the
whole dynamics, is a resource that can benefit quantum
transport as illustrated in Fig. 6. Previously, quantum
invasiveness has also find applications in the inference of
nonclassicality from signals in nonlinear electronic spec-
troscopy [39], an important experimental technique in the
study of energy transfer pathways in complex molecular
aggregates [40].
5C. Feasibility
Finally, to illustrate an application of our framework
in a realistic scenario, we present now a simple exam-
ple of an experimentally accessible setup involving cou-
pled two-level systems with engineered site-to-site cou-
pling constants. In Ref. [41], an experimental scheme
to couple two superconducting gatemon qubits is pre-
sented. The physical mechanism promoting the indirect
coupling between the qubits is basically that of a quan-
tum bus implemented with the help of a detuned bosonic
mode coupled to the qubits [42]. In the experiment, an
epitaxial semiconductor-superconductor nanowire is used
as a field-effect switch to tune a superconducting cavity.
Since the effective coupling between the two qubits is in-
versely proportional the qubit-cavity detuning [42], this
ability to tune the cavity allowed for induced coupling
strengths ranging from 0 to about 25 MHz. The direct
capacitive coupling between the qubits was estimated to
be less than 1 MHz. The qubit frequencies of the resso-
nant qubits were around 5 GHz, which truly justifies the
local bath assumption used in our approach.
We performed numerical simulations of Eqs. (5) and
(9) using N = 2. The results for the efficiency and quan-
tum invasiveness are shown in Fig. 7. Interestingly, the
transition from classical to quantum in terms of increas-
ingly higher efficiencies, as well as the distinctive be-
haviour of quantum invasiveness are within the available
range of coupling strengths, reported in [41].
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FIG. 7: (Color online) Left panel: Difference between the
quantum and classical efficiencies, ηQ − ηC , as a function as
a function of the site-to-site coupling λ. Right panel: Same
for the quantum invasiveness as in Eq. (11). For all plots
we have used γ = 2.5 MHz (red solid line), γ = 5.0 (blue-
dashed line), γ = 7.5 MHz (orange-dotted line), γ = 10.0
MHz (Black-dot-dashed line), Γ = 5.0, and Γs = 10.0 MHz.
IV. CONCLUSIONS
To summarize, we focused on the relationship between
nonclassical resources, such as coherence and quantum
invasiveness, with transport efficiency in coupled two-
level systems. By defining the set of classical states as
the eigenstates of the decoupled system Hamiltonian and
their convex combinations, as well as classical transport
operations, we constructed a classical transport scenario.
This is used as a benchmark in the comparison with the
quantum scenario, where coherent couplings between the
sites of the chain are allowed. In order to illustrate our
framework, we focused on a model for quantum transport
through a linear chain of two-level systems. By using the
relative entropy of coherence as a coherence quantifier, we
investigated, for our system, how this resource is associ-
ated with an advantage in terms of transport efficiency,
when compared to the classical scenario. In particular,
we focused on the integrated coherence. Moreover, when
splitting the transport scenario in classical and quantum,
we found that the integrated coherence quantifies the in-
vasiveness of the quantum operation associated with the
quantum dynamics. Then, we were able to investigate
how quantum invasiveness impacts the efficiency of quan-
tum transport.
Finally, it is important to remark that there are other
interesting approaches to characterize nonclassicality in
quantum transport. For example, in [43] nonclassicality
is characterized by the violation of the Legget-Garg in-
equality and in [44, 45] by the distance with respect to a
set of classical states. Given the importance of transport
for quantum technologies and biological molecular sys-
tems presenting quantum coherence [11–29, 46], we be-
lieve our approach to characterize nonclassicality based
on a resource theory for quantum operations [6] will help
to shed some light on the implications of quantum dy-
namics for transport.
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